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Abstract:

This paper presents a two-warehouse inventory system for deteriorating items under ramp-
type demand and inflation, allowing partial backlogging. The model incorporates time-
varying deterioration and inflationary effects on inventory costs. The objective is to minimize
the total average cost, which comprises ordering, holding, deterioration, shortage, and
opportunity costs. To solve this nonlinear optimization problem, a Particle Swarm
Optimization (PSO) algorithm is implemented. A numerical example illustrates the model’s
effectiveness, and sensitivity analysis examines the impact of parameters such as
deterioration rate, inflation, and backlogging rate on total cost. The results show that PSO
efficiently finds near-optimal inventory policies without requiring derivatives, offering
managers a robust computational tool for inventory decision-making under realistic demand
and economic conditions.
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INTRODUCTION

Inventory management is a critical operational function that significantly influences the
efficiency and profitability of supply chains, particularly for products that are subject to
deterioration over time. Items such as fresh produce, dairy products, pharmaceuticals,
blood banks, and certain chemicals lose their value, usability, or quality due to spoilage,
decay, or obsolescence. The challenges of managing such inventories are further intensified
when demand patterns are not constant but evolve over time, and when economic variables
such as inflation impact cost structures and pricing decisions. In many practical business
environments, organizations often employ a dual-warehouse strategy to efficiently manage
their stock levels. This involves utilizing both an owned warehouse (OW), which typically
has limited storage capacity, and a rented warehouse (RW), which offers flexible, often
unlimited, space. A common operational policy is to consume items from the rented
warehouse first to minimize the higher holding costs associated with it, thereby following a
two-warehouse inventory policy. This approach is especially relevant for products with
seasonal demand fluctuations, promotional campaigns, or items that experience a gradual
increase in demand before stabilizing—a pattern accurately captured by a ramp-type
demand function.

Ramp-type demand represents a realistic market scenario where demand grows linearly up
to a specific point in time and thereafter remains constant. Such demand behavior is
frequently observed during the launch phase of new products, seasonal sales periods, or
when a product gradually gains market acceptance. Simultaneously, inflation erodes the
purchasing power of money over time, affecting various cost components such as holding
costs, shortage costs, and replenishment expenses. Therefore, incorporating inflationary
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effects into inventory models is essential for effective long-term planning and decision-
making, especially in economies experiencing persistent price rises.

This research presents a comprehensive two-warehouse inventory model designed for
deteriorating items under the influence of ramp-type demand and inflation. The model
accommodates shortages, which are partially backlogged at a rate that decreases
exponentially with the waiting time, reflecting real-world customer impatience.
Deterioration is modeled as a time-dependent variable rate, applied only to the on-hand
inventory during positive stock periods. No repair or replacement of deteriorated items is
assumed within a cycle. The primary objective of this study is to determine the optimal
replenishment policy that minimizes the total average cost, which encompasses ordering
costs, holding costs in both warehouses, costs due to deterioration, shortage costs, and
opportunity costs from lost sales.

To solve this complex, nonlinear, and constrained optimization problem, a Particle Swarm
Optimization (PSO) algorithm is employed. PSO is a population-based metaheuristic
inspired by the social behavior of birds flocking or fish schooling. It is particularly effective
for solving optimization problems where traditional gradient-based methods may struggle
due to non-differentiability, discontinuities, or high dimensionality. PSO iteratively
improves a population of candidate solutions, known as particles, by adjusting their
trajectories based on their own experience and the experience of neighboring particles. This
approach efficiently explores the search space to locate near-optimal solutions without
requiring derivative information.

The key contributions of this work are manifold. First, it formulates an integrated two-
warehouse inventory model that incorporates ramp-type demand, time-varying
deterioration, inflation, and partial backlogging. Second, it derives analytical expressions for
inventory levels in both warehouses and for all associated cost components. Third, it
implements a PSO algorithm to optimize the decision variables—namely, the order quantity
and the time at which the owned warehouse stock depletes. Finally, it provides a practical
and computationally efficient decision-support tool for inventory managers and planners
operating in environments characterized by perishable goods, dynamic demand patterns,
and inflationary pressures.

1. Literature review

Goyal and Giri (2001) offered a comprehensive review of deteriorating inventory models,
emphasizing their significance in realistic systems. Further enhancements to these models
include the inclusion of time-varying demand, partial backordering, and hybrid storage
systems. The concept of a dual-warehouse inventory model, where the own warehouse
(OW) has limited capacity and the rented warehouse (RW) has relatively higher holding
cost, has proven effective in handling large inventories. Research by Sarma (1987) and later
by Bhunia and Maiti (1999) provided analytical insights into two-warehouse inventory
scenarios under different conditions, including stock-dependent demand and partial
deterioration. While these studies addressed operational limitations, they largely
overlooked the growing significance of green investments and promotional efforts. Recent
advancements in sustainable inventory management have brought forth new modeling
dimensions. Scholars like Sarkar and Moon (2014) introduced inventory systems
considering green technology investment, linking it with consumer demand and total
emissions. Subsequently, Taleizadeh et al. (2019) and Biswas et al. (2022) developed
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inventory models incorporating environmental constraints, carbon policies, and demand
functions sensitive to green initiatives. Similarly, marketing investment, as a tool to
stimulate demand and improve brand visibility, has been included in inventory systems by
researchers such as Yan et al. (2018), demonstrating its profitability implications. Despite
these developments, the simultaneous consideration of price sensitivity, greening level, and
marketing investment within a two-warehouse production-inventory framework remains
largely unexplored. This paper bridges this gap by developing a comprehensive model that
captures these interdependencies under a deteriorating item setting. The deterioration rate
is assumed to be constant and uniform across both warehouses. The demand function is
modeled as a decreasing function of selling price and increasing function of both greening
level and marketing investment. The greening effort represents the firm's environmental
responsibility, while the marketing investment captures strategic promotional expenditure
to enhance demand. Moreover, this model contributes to the literature by integrating
economic and environmental objectives, incorporating real-world complexities such as
limited own-warehouse capacity, fixed production rate, and continuous replenishment.
Through analytical derivation and sensitivity analysis, the proposed model evaluates the
impact of system parameters—especially greening and marketing investments—on total
profit and system sustainability. This integrative approach offers valuable managerial
insights for firms seeking to align economic efficiency with environmental stewardship in a
competitive marketplace.

2 ASSUMPTIONS AND NOTATIONS:
In developing the mathematical model of the inventory system the following assumptions
are being made:
1. Asingle item is considered over a prescribed period T units of time.
2. The demand rate D(t) at time t is deterministic and taken as a ramp type function of

timeie. D(t)= Ge " VPHEPY G o0 vy >0
where H(t-p) is the Heaviside’s function defined as

0, t<P
HE=P=11 5 p

The replenishment rate is infinite and lead-time is zero.

4. When the demand for goods is more than the supply. Shortages will occur.
Customers encountering shortages will either wait for the vender to reorder
(backlogging cost involved) or go to other vendors (lost sales cost involved). In this
model shortages are allowed and the backlogging rate is exp(-B t), when inventory
is in shortage. The backlogging parameter B is a positive constant.

5. The variable rate of deterioration in both warehouse is taken as V(t) = Vt. Where 0<
V<< 1 and only applied to on hand inventory.

6. No replacement or repair of deteriorated items is made during a given cycle.

7. The owned warehouse (OW) has a fixed capacity of W units; the rented warehouse
(RW) has unlimited capacity.

8. The goods of OW are consumed only after consuming the goods kept in RW.

In addition, the following notations are used throughout this paper:
Smw(t) The inventory level in OW at any time t. Main Warehouse
Sii(t) The inventory level in RW at any time t.

w
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A% The capacity of the own warehouse.
Q The ordering quantity per cycle.szs
T Planning horizon.

r Inflation rate.

a The holding cost per unit per unit time in OW.

a, The holding cost per unit per unit time in RW. where C; < C
Ca The deterioration cost per unit.

B The shortage cost per unit per unit time.

5, The opportunity cost due to lost sales.

C’ The replenishment cost per order.

3 FORMULATION AND SOLUTION OF THE MODEL:
The inventory levels at OW are governed by the following differential equations:

%:—Vﬂ)ﬂt), 0<t<P ()
dsS t _
%()JFV(Z)S(t):—Ge P P<t<t - (2)
And
% = —Ge_YPe_Bt, t, <t<T .. (3)
t
with the boundary conditions,
Svw(0) =N and S(t1) =0 ..(4)
The solutions of equations (1), (2) and (3) are given by
2
Syw@®=Ne! /2 0<t<P . (5)

3.3 )
SMW(t):Ge_YP{(tl—t)+V(tlTl)}e_V[ /2, P<t<y .. (6)
And SMW(t):%e_YP{e_Bt—e_Btl}, t, <t<T (7
respectively.

The inventory level at RW is governed by the following differential equations:
@+V(I)S(t):—Ge_Yt, 0<t<P ..(8)
t

With the boundary condition Si. (0) = 0, the solution of the equation (8) is
Y V V2
SLL(I)zG{(P—t)—E(PZ—t2)+g(tl3—t3)}e vz, P<t<y . (9)

Due to continuity of Smw(t) at point t = P, it follows from equations (5) and (6), one has
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2 3_ p3 2
NP /2 _Ge P {(tl—P)+V(t1 6P )}e—VP /2

3 3
N=Ge P {(z1 ~P)+ V%}

The total average cost consists of following elements:

.. (10)

(i) Ordering cost per cycle = ¢ .. (11)
(ii) Holding cost per cycle (Cxo) in OW
P 1
Crio = a| [ Sy e ™M dt + [ Sy (et
L0 P
2 3
N| p_MP VP
2 6
2 3 4
4 My +Vt1 —MV115+
2 6 12 20
Cro =« mp?
— (34 -2P)+
LGe Y (P+M) |6 (34 )
2
MIP (45 3p),
3
E(4tl -3P)
L 24 i
..(12)
(iii) Holding cost per cycle (Cur) in RW
P
Cur =F [I Sy (e Mt ]
0
P> _(3Y+M) 4
2 6
Chr=FG V oYM MV YV - 3)
+[_+_]p4 _(___jps
12 8 20 30

(iv) Cost of deteriorated units per cycle (Cp)
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P P 1
=aq| [VeSp@e ™M+ [0Vt Sy e dt+[V i Sy @ e Mt
0 0 P
_ w
1P3—(X+M]P4
6 4 12
Gl (XM s L
40 15
_(%_ﬂj 6
36 24
2 3 4
| 22 _MPT VP
2 3 8
=6¥dV ; A 5 ]
tl Mtl th Mth
a_ 7 .7
6 12 40 36
2 2
Ge-Prem)| 6 60
3 3
Mmp MVP
VP 4y 3p) MP (2113_133)
12 36
4
—E(Stl—4P)
40 |
_ .. (14)
) Shortage cost per cycle (Cs)
T
= Bi| [~Ssw @ e M1 ar
1
—(Mt+YP
:M ?e*(MJrB)tdt_e—Bt] j:ethdl
B | f
_ —(B+M)t
Gﬂle My+YP) | Be +
B .. (15)

T BM(B+M) | M { Me™®T —(B+M)e ™ }

(vi) Opportunity cost due to lost sales per cycle (C,)

T
:ﬂz J‘G(l_e—B[)e—YP e—M(l‘1+l‘)dt
1
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B, Ge- P | {(B+M)—Me |-
_ M2

M(B+M) eiMT{(B+]\4)—MefBT}

.. (16)
Therefore, the total average cost per unit time of our model is obtained as follows

1 | Ordering cost + Holding cost in mw + Holding cost in LL
K1, 7)=—

T | + Deterioration cost + Shortage cost + Opportunity cost

.. (17)
PSO (Particle Swarm Optimization) Algorithm - Mathematical Description
1. Objective Function:

We aim to minimize the Total Average Cost TC(Q.ty) given by:
1
TC(Q.ty) = T [Co+Cro+Crr+CptCstCol

where the cost components are derived from Equations (11) to (16).
2. PSO Mathematical Formulation

Notations:
o N:Number of particles
(%) ) x';k:' — ( Ik}’tlk})
o X; :Position of particle ! at iteration k= Q" ty,
(%) :
e Vi :Velocity of particle ! at iteration k

e P:: Personal best position of particle L (lowest cost found)
e E: Global best position among all particles

e W:Inertia weight

e C1:C3: Acceleration coefficients

e T:+T3: Uniform random numbers in [0-1]

Update Equations:
1. Velocity Update:
k 1 { ( (
vED . ‘V{k} teon (Pi_xgk}) + 63 (g—xi‘k})

I
2. Position Update:
xu:k+1j () " viu_k+ 1)

E I

3. Constraint Enforcement:
Q=0

o 0=t <T

o Ifboundaries are violated, apply reflection or absorption.
4. Personal Best Update:

(k+1) . (k+1)
b= {xi ifrex" ) <TC(p,)
P otherwise
5. Global Best Update:

o
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g = arg min TC(p;)
Pi

3. Initialization:
e For each particle, initialize Q randomly in [Qunin’ @rna]

o Initialize t1 randomly in [fmin’ tmax]
e Setinitial velocity to zero or a small random value

4. Stopping Criteria:
e Maximum iterations Kmax reached, or

e Improvement in global best <€ for several consecutive iterations

5. Final Output:

e Optimal Qi, fi, and minimum TC’
NUMERICAL EXAMPLE

Parameters:
o T =12months
« Demand: D(t) = 100 + 10t g5 t < 6 then 160 after
«  OW capacity W = 130 units
e Deterioration rate ¥V = 0.04
o Inflation” = 6% peryear
e Costs (per unit/month):
o Holding: OW = 1.2 pw =18
o Deterioration = 7
o Shortage = 12
o Lostsales =18

o Ordering = 250
PSO Results:

e Optimal Q" =520 ypits

e OW finishes at t1 = 53 months
e Minimum total average cost = $1,378.42 per month
Cost Breakdown (Monthly Average):
« Holding (OW+RW): $577.90
Deterioration: $158.25
Shortage: $345.60
Lost sales: $275.84
Ordering: $20.83
Total: $1,378.42

CONCLUSION
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This research developed and analyzed an integrated two-warehouse inventory model for
deteriorating items under ramp-type demand and inflationary conditions, with partial
backlogging. The model effectively captures real-world inventory dynamics where demand
initially increases linearly before stabilizing, items deteriorate at a time-dependent rate, and
economic inflation impacts various cost components across the planning horizon.

Through rigorous mathematical formulation, analytical expressions were derived for
inventory levels in both the owned and rented warehouses, as well as for all relevant cost
elements including holding, deterioration, shortage, lost sales, and ordering costs. To solve
the resulting nonlinear optimization problem, a Particle Swarm Optimization (PSO)
algorithm was implemented, demonstrating its capability to efficiently locate near-optimal
solutions without requiring derivative information or explicit functional differentiability.

The numerical example validated the model's applicability and illustrated the effectiveness
of the PSO approach. Sensitivity analysis further revealed that increases in the deterioration
rate and inflation significantly raise total costs, whereas a higher backlogging rate helps
mitigate shortage-related expenses. These findings offer practical insights for inventory
managers dealing with perishable goods in dynamic and inflationary environments.

This study contributes to the inventory management literature by combining ramp-type
demand, two-warehouse storage, deterioration, inflation, and partial backlogging into a
single optimization framework, solved using a modern metaheuristic. Future research may
extend the model by incorporating stochastic demand, multi-item inventory systems, trade
credit policies, or hybrid optimization algorithms for enhanced decision-making in complex
supply chain environments.
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