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Abstract:  
Graph theory is a lively research field with solid theory and many practical uses, like in 
medicine and communication. Key ideas such as distance and detour distance between 
vertices are useful for modeling real-world problems. These concepts have given rise to 
several important topological measures, including the Wiener Index and the Detour Index. 
From these, the Reverse Wiener Index and Reverse Detour Index are further developed by 
making use of a graph’s diameter and detour diameter. 
In this paper, we introduce the notion of the Wiener Detour Distance Matrix. Based on this 
matrix, we define a family of reverse indices, namely the Reverse Harary Wiener Index, 
Reverse Harary Detour Index, Reverse Harary Circular Index, all derived using the 
diameter and detour of a graph. Finally, these indices are explicitly calculated and 
examined for the two-fold wheel graph W2,n. 
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1   Introduction 

The Topological index is a number associated with a chemical structure represented by a 
connected graph wherein atoms are represented by vertices and covalent bonds by edges 
connecting adjacent vertices.  Such a graph is known as molecular graph[1].  The  graph 
invariants are usually related to the distance function d(u,v).  The first topological index 
of this type was proposed in 1947 by the chemist Harold Wiener as an aid to determining 
the boiling point of Paraffin [11].   It is defined as the sum of all distances d(u,v) between 
the vertices u,v of a graph  under consideration[2]. Another  topological index, called the 
detour index, is conceptually close to Wiener index, except that its definition refers to the 
longest distance D(u,v) instead of the shortest distance between the vertices u,v of a 
graph[15][4].  That is  the detour index is the sum of the longest distance between all pairs 
of vertices of the graph and the circular index is the sum of D(u,v) & d(u,v).  From these 
indices Reverse Wiener Index and Reverse Detour Index are defined using the diameter 
and Detour diameter of a graph. 
The aim of this paper is to compute the  Reverse Harary wiener index, Reverse Harary 
Detour index, Reverse Harary Circular index[6,9]  are defined using the diameter and 
Detour diameter of a graph and the above indices have been estimated for the Two fold 
wheel graph W2,n. 

2   Definitions 
Let  G be a finite simple connected graph with the vertex set V(G) and the edge set E(G) 
respectively.  In this section the necessary definitions are given below  which are used for 
the main results. 
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Definition 2.1: 
Let d(u,v) denotes the shortest distance between two vertices u,v ∈ V(G). The Wiener 
polynomial [2] of a graph G with n vertices and m edges in the variable x is denoted by 

WP(G:x) and is defined as WP(G:x) = . The Wiener index of G is WI = 
ΣWP′(G:1) where ‘′’ denotes the derivative of WP(G:x) with respect to ‘x’. 
 
Definition 2.2: 
Let D(u,v) denotes  the longest distance between two vertices u,v ∈ V(G).  The Detour 

distance polynomial  [17] of a graph G  is denoted by DP(G:x) = . The Detour 
index is given by DI = ΣDP′(G:1) where ‘′’ denotes the derivative of DP(G:x) with respect 
to ‘x’. 
 
Definition 2.3: 
Let do(u, v) denotes  the circular distance  [16]between two vertices u,v∈V(G). The circular 
polynomial of a graph G  is denoted by CP(G:x) and is defined as CP(G:x) = D(u,v)+d(u,v). 
The circular index of G is CI = CP′(G:x), where ‘`’ denotes the derivative of CP(G:x)  with 
respect to ‘x’. 
 
Definition 2.4: 
The Wiener Matrix (WM)[3] is a lower (or) upper triangular matrix whose elements are 
Wiener Distances d(u,v). 
 
Definition 2.5: 
The Detour Matrix (DM)[5] is a lower (or) upper triangular matrix whose elements are 
Detour Distances D(u,v). 
 
Definition 2.6: 
The Wiener Detour Matrix  is a vertex set to vertex set square matrix, whose elements are 
zero’s along the principal diagonal, the shortest distance d(u,v) below the principal 
diagonal and the Detour distance D(u,v) above the principal diagonal and it is denoted by 
WDM. 
 
Definition 2.7: 
A circular matrix(CM) of G is a lower or upper triangular matrix whose elements are 
do(u,v)  [16]. 
 
Definition 2.8: 
The eccentricity ed(u) of a vertex ‘u’ is the distance to a vertex farthest from u. 
 
Definition 2.9: 
The radius r(G) of G is defined by r(G) = min{ed(u) : u ∈ V(G)}, and the diameter, d(G) of G 
is defined by d(G) = max{ed(u) : u ∈ V(G)}. 
 
Definition 2.10: 
The detour eccentricity eD(u) of a vertex ‘u’ is the distance to a vertex farthest from u 
[17,18]. 
 
Definition 2.11: 
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The detour radius R(G) is defined by R(G) = min{eD(u) : u ∈ V(G)}, and the detour 
diameter, D(G) of G is defined by D(G) = max{eD(u) : u ∈ V(G)}. 
 
Definition 2.12: 

The reverse Wiener Index of a graph G  [8] denoted by ∧d(G) is defined as ∧d(G)  = 

where rij is obtained as rij = where d is the diameter of the graph ‘G’ 
and dij is the length of the shortest path between vertices vi and vj. 
 
Definition 2.13: The reverse Detour Index of a graph G denoted by ∧D(G) is defined as 

∧D(G)  = where Rij is obtained as Rij = where D is the Detour 
diameter of the graph ‘G’ and Dij is the length of the longest path between the vertices vi 
and vj . 
 
Definition 2.14: 
The reverse circular index of a graph G [7]  is denoted by ∧c(G) is defined as, ∧c(G) = 

 
 
Definition 2.15: 
Let d(u,v) denotes  the shortest distance between two vertices u,v ∈ V(G). The Harary 
Wiener polynomial of a graph G is denoted by HWP(G:x) and is defined as HWP(G:x) = 

.The Harary Wiener index of G is HWI = ΣHWP′(G:1) where ‘′’ denotes 
the derivative of HWP(G:x) with respect to ‘x’. And Harary  Detour index of G is HDI = 

ΣHDP′(G:1) where HDP(G:x) =  
 
Definition 2.16: 
Let G is the graph derived from a wheel by duplicating the hub vertex one or more times.  
We call G a t-fold wheel if there are t hub vertices, each adjacent to all rim vertices and not 
adjacent to each other. 
A two fold wheel is shown in Fig 20. 

 
3. MAIN RESULTS 

 
3.1. TOPOLOGICAL INDICES OF TWO FOLD WHEEL GRAPH: 
THEOREM 3.1.1:The Reverse wiener index, Reverse detour index and Reverse 
circular    index of  Two fold wheel graph W2,n are respectively. if  n ≥ 3 

 
Proof: 
Let  V(W2,n )={ui/1≤i≤n+2} and  E(W2,n)={uiui+1/1≤i≤n-1} {unu1} {un+1ui/1≤i≤n}
{un+2ui/1≤i≤n} be the vertex set  and edge set of W2,3 respectively. 
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The  Wiener-Detour matrix of W2,3  are respectively given in Fig:21 
 

Fig :21-WDM(W2,3) 
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Using the distance matrices in Fig:21 , we computed  the following polynomials and 
indices. 
WP(W2,3:x)=9x+1x2      WP′( W2,3:1) =11 
DP(W2,3:x) = 10x4           DP′( W2,3:1)   =40 
CP(W2,3:x) = 9x5+1x6      CP′( W2,3:1)   =51 
In general, when n≥3 , 

 
And The Reverse Wiener index, Reverse Detour index, Reverse Circular index are 
calculated from the Reverse wiener detour matrices & Reverse circular matrices . 
 

Fig:22-RWDM(W2,3) 
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RWP(W2,3:x)= 9x+1x0                  RDP(W2,3:x) = 10x0 
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RWP′( W2,3:1) = 9    RDP′( W2,3:1) = 0    RCP′( W2,3:1) = 9 
In general, when n≥3, we get 

 
 
THEOREM 3.1.2: The Reverse Harary wiener index, Reverse Harary detour index and 
Reverse  Harary  circular    index of Two fold wheel graph W2,n are respectively. if  n ≥ 3 
 

 
 

Proof:     Using the above distance matrices (Fig-21) , we can generate the Harary wiener 
detour matrices & Reverse Harary  Wiener Detour matrices.  From that matrix we can 
calculate the following  terms        WP(W2,3:x)=9x+1x1/4      WP′( W2,3:1) =37/4 
DP(W2,3:x) = 10x1/16      DP′( W2,3:1)   = 5/8 
CP′( W2,3:1)   =79/8 
In general, when n≥3 
 

 
 
RHWP(W2,3:x)=9x+1x7/4   ;   RHWP′( W2,3:1) =43/4 
RHDP(W2,3:x) = 10x-63/16  ;   RHDP′( W2,3:1)   = -315/8   ;   RCP′( W2,3:1)   = -229/8 
In general, when 

 
 

4. Communication Network Design 
Two fold wheel graphs are very useful for satellite communication system simulate, two 
circular client layers linked by central servers, and used in a backup ring in hub and spoke 
systems.  Degree-based indices are used to quantify the hub node’s load importance and 
also used in identify the last minute rises.  Eccentricity based indices calculate the more 
delay in the bad case communication , concentrate reliability assessment but distance 
based indices help average communication delay and optimize the routing.  Due to these, 
two fold wheel graphs are helpful in 5G small cell architecturers model, IoT based 
network systems and topology design for data center. 
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5. Transportation and Urban planning 
A two-fold wheel graph helps to show a city center connected with inner and outer ring 
roads and circular lines connected to a central interchange in metro networks in 
transportation systems. Generally the Wiener index calculates average travel distance, 
the Harary index computes the overall accessibility, and the Zagreb-related indices help 
to compute the traffic load distribution. These indices help to support smart city traffic 
planning, optimize the route by emergence, and congestion analysis by evaluating 
connectivity and efficient travel. 
 

6. Power Grid and Electrical Networks: 
Two fold wheel graphs are more useful to model the substation network and clusters of 
smart grid micro-grid.  Degree based indices in these system helps to compute robustness 
of system and mention the vulternable nodes. It also helps to tolerate the the fault.  By 
distance and connectivity criteria, engineers can make suitable design of more resilient 
and constant power distribution systems. 
 

7. Computer Science and Data Structures: 
Two fold wheel graphs present in computing system, architecture with blockhain layered, 
interconnection networks with parallel processor in computer science.   The Spectral 
radius compute to evaluate processor load with degree central, quantify the local 
redundancy with clustering coefficients, execution of multiple efficiency.  These indices 
also perform optimizing work, confirm about balanced processing, and reliability 
improvement. 
 

8. Importance of Two-fold wheel graphs: 
Higher connectivity provided by tow-fold wheel graphs comparing with simple wheel 
graphs.  Fault tolerance also better comparing with simple wheel graphs.  Path length 
average also lower, so transportation cost will be minimized.  Load distribution would be 
balance.  These advantages very helpful for modelling resilient real-world system around 
engineering and applied sciences. 
 

9. Research Significance: 
Closed form expression, designing the optimal network topologies, graph comparison 
with other, predictive models in chemical improvement, computational applications are 
the research areas  by the study of topological indices on two-fold wheel graphs. 
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