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Abstract

This paper presents an investigation of I'-radicals in the setting of PO-ternary I'-semirings.
We define the notion of I'-radicals appropriate to partially ordered ternary operations and
analyze their key algebraic characteristics. The study examines connections between
radicals, ideals, and congruence relations, emphasizing the role of the order structure.
Several foundational results concerning existence, characterization, and homomorphic
behavior are obtained. The work broadens radical theory to ordered ternary semiring
systems and establishes directions for further exploration.
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INTRODUCTION

In 1934, Vandiver [6] introduced the concept of semiring. In point of fact, semiring is a
overview term for ring. Lister [4] dubbed the algebraic system a ternary ring in 1971 for
the additive subgroups of rings that are closed under the triple ring product. K. S. Dutta
[1], Kar initiated the first ideal and the first radical of ternary structures. The same
investigators begin irreducible ideals as well as semiprime ideals of [2]ternary semirings.
Additionally, S. Kar has an idea of quasi- ideals also bi-ideals in ternary semirings.
Likewise, in [5], we collect the necessary information on partially ordered radicals in
partially ordered ternary semirings and present Bashir.S and M.Shabir prime bi-ideals in
ternary semigroups. Throughout this paper, ternary I' —-semiring- TT'S, PO-ternary I'-
semiring- POTTS,

commutative PO-ternary [I-semiring- CPOTIS, Prime PO-ternary TI-ideal- PPOTTI,
completely prime PO-ternary I-ideal- CPPOTTI, semiprime PO-ternary I-ideal- SPOTTI,
Completely semiprime PO-ternary I-ideal- CSPOTTI, globally idempotent PO-ternary I-
semiring- GIPOTT'S, commutative semigroup-CSg

1.PRELIMINARIES

The necessary preliminaries are discussed in this section.

Definition 1.1:

If T is an additive CSg that gratifies subsequent states, it is named as a TT'S. A TT'S consists
of a set T(# ¢ ), a binary action known as addition, moreover a ternary product indicated

by [].

i) [[dyeyflygyh]=[dy[eyfyg]yh]=[dyey[fygyh]]

i) [(d+e) yfygl=[dyeyfl+[eyfyg],

i) [dy (e+f) ygl=[d ey g]+[d Yy fy g],

iv) [dyey (f+g)]=[dyeyf]+[dyeyg] V d;e; f, g h €T, foryinT.

Notel.2: For the ease we write Xi1X2X3 instead of [X1 yX2 yX3]

Notel.3: Permit T be a TT'S. If D, E & F are 3 subsets of T, we shall signify the set
DIETF ={}d y e y f: deD, e€E,feF}, fory inT.

Notel.4: Let Tbe a TTS.If Cc T, D T signify the set C+D={c+d:ce C,d e D} &
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2C={c+c:ceC}.
Notel.5: A semiring can be reduced to a TT'S

Definition1.6: A TTS T is called a POTTS afford T is poset 3 b 2 a subsequently
() c+a<c+b,a+c<b +c

(2)aycyd<sbycyd,cyayd<scybyd&cydya<cydyb V ab,c,d€T,foryinT.
Throughout T will indicate as POTT'S unless otherwise stated.

Notel.7: Sometimes we inscribe e = ffor e < f. ie., “=” is the dual of “<”.

Theorem1.8: Let T be a POTTS also HET,ICT & J<T. Followed by (i) H € (H] (ii) ((H]] =
(H] (ii)) (H](MJl€ HI] (iv) HEI=>HC<c ([ & (v)HES 1= (H] < (1],

(vi)(HNI] = (H]N(1] (vii) (HUI] = (HJu(I].

Definition1.9: A subset C(# ¢ ) of a POTI'S T is a POTT'T of T if C is additive subsemigroup
of T, CI'TTTESC, TTTIC € C, TTCITTS C& (C] = C.

Definition1.10: APOTI'I ‘D’ of a POTTS ‘T’ is called a CPPOTI1 of T if u, v, w € T and uyvyw
€D, foryinl, > u€DorveDorwe D,

Definition1.11: Let T be a TT'S. A(# ¢ )<T is described a PO-c-system of T iffor V ¢, d, e
€A d anelementfe A > f<cydye, foryinT

Definition1.12: A subset C(# ¢ ) of a POTTS T is called a PO-m-system offered for any g,
h,ieC 3jeC&x,ye€T > j<gyxyhyyyiforyinTl

Definition1.13: Allow T be a POTT'S. A(# ¢ ) = T is called a PO-d-system of T iff or every
d €A Jan componentc€A > c<dr> odd ne N.

Definition1.14: A subset A(# ¢ ) of a POTTS T is called a PO-n-system afford for any c €
A3d deA&vweT > dscyvycywyg foryinT.

Theorem1.15: A POTTI ‘B’ of a POTT'S T is completely prime iff T\B is whichever
PO-c-system or @ .

Theorem1.16: Each CPPOTI1 of a POTI'S T is a PPOTTI.

Theorem1.17: Let T be a CPOTI'S. APOTII ‘P’ of T is a PPOTTT iff P is a completely prime.
Theorem1.18: If T is a GIPOTT'S afterward each maximal POTTT of T is a PPOTT.

Definition1.19: A POTTI A of a POTTS is identified a PPOTTI of T provided Q, R, S are
POTITsof T& QRSE A=Q<SAorRSAorScCA

Definition1.20: A POTTI ‘A’ of a POTI'S g T is described a CSPOTTIT affordy € T, yn€ A ;
neNn>1=yeA

Definition1.21: APOTIT A of a POTT'S T is named SPOTTIT offerd Y is a POTTT1 of T &
YncA 3 neN=>YCA

Theorem1.22: Each CPPOTTII of a POTI'S T is a CSPOTTI of T.

Theorem1.23: Let T be a CPOTTS. A POTII A of T is completely semiprime iff it is
semiprime.
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Theorem1.24: Each PO-m-system is a PO-n-system in a POTTS T.
Theorem1.25: APOTI'I Q of a POTI'S T is a SPOTTT iff T\Q is ® or PO-n- system.

2.PRIME PO-RADICAL AND COMPLETELY PRIME PO-RADICAL

Notation2.1: If A is a POTTI of a POTI'S T, followed by we associate the next 4 kinds of
collections.

Ai= All CPPOTTT’s of T whose intersection holding A.
Ar)={yeT:yneA,ne N}

Az= All PPOTI'I's whose intersection of T holding A.

As={yET:<y>rC A, neN}

Theorem2.2: If Ais a POTIS T, afterward A € A4C A3C A,C A

Proof:

iJ)AC As:Letv € A. Afterward<v >C A&v € A,, Consequently A € Ay
ii)A4sS Az:LetveA,. =><v>"CA;oddneN.

Allow P be any PI of T holding A.

Next<v>"CA=<v>"CP;odd ne N ,WhilePisprime<v >SS P&vVvEP.
And is right for every prime PO-ternary bi deals having A, v € 43, .. A3DAs
iii) A2 As: Letv € A3, Believe if possible v € A,.

Nextv® ¢ AV odd ne N, ConsiderQ=Uv® V odd ne N,veT.

Leth,i,j € Q Nexth= W)",i= (v)5,j=W)'; r,s,teN.

2 hij = (WTW)S(W)t = vits*tt € Q also Q is a PO-c-system.

ViaTh.1.15,P = T\Qis a CPPOTI1 &V & P.

ViaTh.1.16, Pisa PPOTTI1 of T & v & P.

Therefore v & As. Itis a disagreement. .". v € A,, A3C A

iv) A2 Ai:Letve A, , NowveEA,=>ve€A;odd neN .

Allow P be any completely biprime POTTI of T holding A

Nextv' € AS P=v" € P= v €P. Thereforev € A;

.. A2C A; Consequently A € A€ A3C A,C As.

Corollary2.3: If Ais a POTTI of a POTT'S T, subsequently(A] € (A4] € (A3] € (A2] € (A1]-
Proof: 1t is simple to confirm the proof via Th.1.8 & Th.2.2.

Theorem2.4: 1f A is a POTT'I of a CPOTI'S T, next A1=A;=A3=A4
Proof:ViaTh.2.2, AC A1C Az C A, C A,

Via Th.1.17,in a CPOTTS T, an ideal A is aPPOTTI if A is CPPOTTL.

SoA1= A3z By Th.1.23,in a CPOTTS ‘T’ a POTTT A is semiprime iff A is CSPOTTI.
SoAL=A2& A1=Ap=A3=A4.

Corollary2.5: 1f Ais a POTTI of a CPOTT'S T, next (A1]=(Az]=(A3]=(A4].

Proof: It is simple to confirm the proof via Th. 1.8 & Th.2.4.

Note2.6: In an arbitrary POTTS ( A1]# (A2]#(A3]#(A4].

Example 2.7: Let T be the free TSG produced via k,l,m . It is obvious A= (TT' k3 ' T] is a

POTTL As k5 € (TT k? T'T], k € (A]. Evidently (ky 1y m) ¢ (TT13 T'T] ¥ odd 7 € Nand
hence ky 1y m & (A]. Accordingly (A2] is not a POTTI of T.
Therefore (A1] # (A2] & (A2 ] # (A3]

Currently we initiate prime PO-radical in a POTTS is also complete prime PO-radical.
Definition2.8: If A is a POTT of a POTTS, afterward all PPOTI'T’s whose intersection of T
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having A is named as prime PO-radical of A moreover it is indicated by/A or radA.

Definition2.9: If A is a POTII of a POTTS, subsequently all CPPOTI'T’s whose intersection
of T enclosing A is named as complete PO-radical moreover indicated it via c.rad A.
Note2.10: If Ais a POTI'I of a POTIS T, next radA = As,c.radA = A1 & radA € c.radA.

Note2.11: 1f (C] is a POTTTof a POTIS T, next rad( C] = (C3], c.rad(C] = (C1] &
rad(C] € c.rad(C].

Corollary 2.12:1fde /(C], 3 aodd ne Z" 5> d™ € (C].
Proof: Via corollary 2.3, (C3] € (C,] &de /(C] = (C3] € (C,].
..d"€(Cl;odd neZ".

Corollary2.13: If F is a POTTTofa POTTS T, afterwards rad (F] = c.rad(F].
Proof: Via corollary2.5, c.rad (F]=rad (F].

Corollary2.14: If nA is a POTTI of a POTTS T subsequently c. rad (A] is a completely semiprime
POTTL

Proof: Via Th.1.22, c.rad(A] isa CSPPOTTL
Theorem2.15: If H, G, F are any three POTIT's of a POTTS T, followed via

(i) FCG=>VFcG

(i)  IfFFNGNH # @ afterward VFGH = vFNGNH = vFNVGNVH
i) VVF=+F

) VF+G=VVF+VG

Proof: (i) Assume F € G, If Pisa PPOTTI1 enclosing B subsequently P is a POTTT holding F.
- VFe G

(i) LetPbea PPOTIT holding FGH =FGH S P =>F<SPorGES PorHE P

= FNGNH € P..". PisaPPOTTTholding FNGNH.Thus rad (F N G N H) € rad(FGH).
Currently P be a PPOTTT having FNGNHi

Next FIGNHES P=>FGHS FNGNHC< P = FGH C P.

Consequently PisaPPOTTITenclosing FGH.

Thusrad(FGH) € rad (FNGNH). = rad(FGH) = rad (F N G N H).

As FNGNH # @, Itis obviously FNGNH is a POTITinT.

Letx € VF N G N H. Afterwards 3anoddn € N> w" € FN GNn H.

Sow" € F,w" € G,w" € H,=>w € VF,w € VG,&w € VH.Thusw € VF n VG n vH.
Consequentlyw € VFNnV/Gn+vH, 3 n,m,p EN> w" € G,w™ € F,wP € H.
Clearlyw™™*P e FNGNH;n+m+peN=>weVFNGNH.

. ifFNGNH # @, next VFNGNH = VFNVGNVH.

iii) v/F = The intersection of all prime I'- ideals of T holding F.

Currently ﬁ =all PPOTTT’s of T whose intersection holding vF

=all PPOTTIT's of T whose intersection holding F = +/F

. JVF = VF

iv) Via condition (i), F + G € VF + VG & VF + G € VVF + VG
Also by condition (i) we have VF + VG € F + G

& thus by condition (ii),\/\/? +VGSJVF+G=+VF+G
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Therefore VF + G = VVF +VG.

Corollary 2.16:1f L, M &N are any 3 POTTI's of a POTT'S T, then thes conditions are equivalent
i) LcM=,(L] €/(M]
(ii) IFLAMNN # @ next./(LJ(M](N] = \/(LIN(M]N(N] = /(L]N/M]N/(N]

(i) /m =/l
(iv) \/(L]+(M]=«/M+m

Theorem 2.17: 1fCisaPOTTTofa POTT'S T next ./ (C] is semiprime.
Proof:ViaTh.1.23,,/(C]is semiprime.

Theorem2.18: A POTT1V of POTTS Tisa SPPOTTIff vV = V.
Proof: Presume Vis a SPPOTTL Obviously vV 2V

Presumeif possibley'V & V. Allowu € \V, &u & V.
Currentlyu € V = u € T\V &V is semiprime, via Th. 1.25, T\ V is a PO-n-System. Via Th.1.24, 3 a
PO-m- system M > u€ M c T\V,V € T\M & at present T\M is a PPOTI'L, u € T\M. Itis a

disagreement. .. V'V € V.
.. V = /V.Onthe opposing presume Qisa POTTTof T 5 V = V.
Via corollary 2.17, \VisaSPPOTTL ... Vis semiprime.

Corollary2.19: A POTITV of a POTTS T is a semi prime PO-ternary I-ideal iff V is the
intersection of all PPOTITincludes V.
Proof: Via Th.2.18., V is semiprime iff V is all PPOTITs whose intersection of T holds V.

Corollary2.20: 1f D is a POTTI of a POTTS T, next /D is the smallest SPPOTTI holding D.
Proof: Here VD is all PPOTTT's holding D whose intersection in T.

As of PPOTIT's whose intersection is semiprime, VD is semiprime.
Auxiliary, let V be any SPPOTITholding D,i.e.V2D - V5D

As Vis semiprime, via Th.3.18,V = +/V .". Vo+/D.

Consequently VD is the smallest SPPOTTI of T holding D.

Theorem 2.21:1f Q is a PPOTITof a POTTS T next\/@ =(Q V oddn €N.
Proof: To establish \/@ = Q by using induction on n
First we confirm \/6 =Q.
AsQisaPPOTIIQ €./Q S Q
=,/Q=Q
Assume that\/Q— = Q for odd natural numberk 3 1 <k < n.
presently,/Q**2 = \/Q¥.Q.Q = \/@n\/an\/a= JenJen/Q=/0=0.
5 QK2 = Q.
By induction Q = \/@ V oddn € N.
Theorem 2.22: In a POTTS T amid identity there is a unique max. POTTT M >+/M"=M V

odd neN.
Proof: As T holds identity, T is a GIPOTTS. As M isamaximal POTT, via Th.1.24, M is Prime.

ViaTh.2.21, M=yM" V neN.
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Theorem 2.23: If C is a POTII of a POTIS T afterward vC = {v € T:eachm —
system of T holding v meets C}i.e.,v/C = {v € T:M(v) N C # @}

Proof: Assumev € +/C. Permit M be a PO-m-system holding v

Afterward T\M isa PPOTI'1 & v € T\M. If Me N C = @ followed by C € T\M,

As T\M is a PPOTTTholding C,VC € T\M & v € T\M.

Itis a disagreement. ... M(v) N C # @. Thusv € {v € T:M(v) N C # @}.

On the contrary presume v € {v € T: M(v) N C # @}. If possible presume v & /C, 3a PPOTTI
holding C > v & P. Currently T\P is a PO-m-system & v € T\P.
CEP=>T\PNC=0={veT:M(v) nC =+ @}.

Obviously a disagreement.

SoveEVC. .. VC={veT:Mv)NC =% @}

CONCLUSION

In this research work provided a structured examination of I'-radicals in PO-ternary I'-
semirings, Emphasizing their fundamental properties and their influence on algebraic
structure. The study detailed the interplay between I'-radicals, Ideals, Congruences, and
the underlying partial order, Identifying both similarities and differences with classical
radical frameworks. Conditions governing the existence and invariance of radicals,
especially under homomorphisms, were established. The results enhance the theoretical
foundation of PO-ternary I'-semirings and support further advancements in radical
theory for ordered ternary algebraic systems.
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